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Abstract. The Effective Medium Approximation, (EMA), theory validate the thin films optical metrology in most cases 

when considering surface roughness. A scaling condition exist between the light wavelengths as compared to thin films 
roughness. In earlier papers, D. Ramsey1 and later P.I.Rovira and R.W.Collins2 ,S.F. Nee3, had shown however that poly 
crystaline and textured films could induce light scattering, affecting deeply the SE results. Exhaustives studies in the literature, 
detail the Mueller matrices properties through optical entropy and depolarization. It has been applied in rather different fields. 

The mathematical basis, describing depolarizing systems, developped by S.R. Cloude4, are an important issue. In the visible 
range optics, complementary applications exist for thin grating films, surface scatterometry and biological turbid media The 
optical entropy provides a very powerful analysis technique yielding important surface parameters such as depolarizat ion and 
roughness, differentiating roughness character, enabling even scatterer’s classification. As first results presented here, in thin 
films characterization for nanotechnologies materials, spectroscopic polarimetry specifies surface properties and films textures 
through an entropy concept. An ultraviolet extended range of present polarimeters set up for imaging and quality control, should 
be a promising enhancement compare to the present bidirectionals reflectance distribution function (BRDF) and haze ultraviolet  
wafer analysis of wafer in conventional processes.  

Keywords: polarimetry, Müeller matrix, light scattering, optical entropy, nanotechnology material optical 
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INTRODUCTION 

Many exhaustive theoretical studies describing the 

role of Mueller matrix in Polarimetry were applied 

to various domains, earth sciences, astronomy, 

medicine and thin film photonics. The polarimetry 

field began to be investigated together with the first 

earlier Amplitude division polarimeters5 but a large 

extent in imaging polarimetry is continuously 

growing. Most works analyze photonics items like 

gratings, diffracting objects. Surface analysis is 

generally considered only through power spectral 

density (PSD). Attempt is made to interpret surface 
roughness behavior here by surface depolarization 

mechanism.  

For most Spectroscopic Ellipsometry,(SE), the 

validity of the EMA theory remains sufficient when 

processing data. In the visible range, the photon 

wavelengths are large compared to the thin films 

roughness scale. With the increase of accuracy and 

repeatability of the SE instruments, works have 

begun to investigate how depolarization effects 

could affect the SE results3, introducing5 the Mueller 

matrices formalism. The new polarimeters, now 
available from different suppliers6 incorporate liquid 

crystals and/or ferroelectric compounds, but others 

also use modulators7. The gain is a specific 

enhancement of both precision and measurement 

speed. The SE systems have been equipped with 

rotating compensators. Reported1 data of Mueller 

matrices for surfaces with different roughness 
corroborate these theoretical models. Most 

mathematical methods with the Mueller matrix are 

derived from the Lie Group theory algebra. Only the 

most important results are summarized here.  

NON DEPOLARIZING OR 

DEPOLARIZING SAMPLES  

 

Based on a polar decomposition, any 

depolarizing Mueller matrix [M] can be seen as a 

three matrices product yielding respectively, 

depolarization [MD], retardance [MR] and 

diattenuation [MA] matrices specific a global optical 

system. The Mueller-matrix-Cloude’s 

decomposition4 describes a real understanding of the 
depolarization effects. With this Mueller matrix 

decomposition, the Bernoulli model provides 

through the optical entropy formalism, a very 

powerful intrinsic analysis of stochastic systems. 



Several examples from Nanotechnologies materials 

analysis are discussed hereafter. 

 

A Way to Handle the Mueller Matrix 

Representation  
The Mueller matrix of a perfect reflector is given by 

 with  being the classical ellipsometry 
parameters. This so-called Mueller-Jones matrix is 

non-depolarizing and thus physically unrealistic. 

With more accurate experimental data one has to 

reconsider models with Generalized Ellipsometry5. 

A depolarization factor 8
, equal to unity in the 

case of a perfectly smooth surface, or less with 

roughening, has been proposed to traduce the 

depolarizing effect. Ramsey1 already emphasized 

these ellipsometry measurements limitations with 

significant surface roughness. Only the diattenuation 
and retardation factors, induced by interaction of 

light with the sample
9
, were evaluated. 

 

Mueller matrix elements analysis versus Mueller 

Matrix representation 

 
The Mueller matrix [M], gives clearer 

information than simply the Jones Scattering vector. 

Instead only few of its elements, a global 

representation is more convenient and a complete 

behavior the Mueller matrix [Mij] has to be 

considered. This is usually accomplished using the 

Poincaré sphere formalism. The optical properties of 

reflected or transmitted light by an optical slab are 

affected by possible anisotropy and surface properties. 

The Stokes vectors of the light respectively S before 

and S’ after interacting with the slab, can be written as  
S   (1) 

With an ideal non depolarizing smooth target, (such as 

a mirror), assuming that the incident is completely 

polarized, the incident Stoke vector S is represented 

by a point on the surface of the Poincaré sphere, 

. With a depolarization degree P( ( no more 

unitary here), the Poincaré sphere, with all the set of 

possible emergent stokes vectors S’, the Stoke vector 

is displayed then with a radius equal to its degree of 

Polarization, DoP(S’), given by, 

     (2) 

For a depolarizing Mueller matrix, the DoP(S’) 

surface of the S’ stoke vectors turns to be a distorted 

sphere.  

The Cloud’s Decomposition of Mueller Matrices  

All the Mueller matrix elements are given, using 

the development of a coherency matrix  This 

coherency matrix is defined with elements given by a 

temporal average correlation between each Stokes 

vectors components. To summarize and following 

S.R. Cloude, who used the SU(2) to SU(4) Lie’s group 

homorphism, the coherency matrix  
under the parametric form: 

 

 

 
All the coefficients A, A0, B, C…, are given as all real 

quantities and . It is then demonstrated that 

the corresponding Mueller matrix M is  

 

 

 
The eigen values and eigen vectors decomposition of 

[T] will be 4 positive real values corresponding to an 

unique propagation Stoke vector k. This 

decomposition theorem in 4 target components, are 

associated with the eigen values  of the Hermitian 

coherency matrix  such as 

 

                       (5) 

 

There will be 4 targets given by the orthogonal eigen 

vectors decomposition issued from the coherency 

matrix . The physical realizability of experimental 

Mueller matrix can be so far checked through this 

decomposition scheme: eliminating possible erroneous 

negative values due to experimental noise. It is well 

known as a Mueller matrix filtering technique. It is 

also used to qualify the instrument purity, (usually of 
the order or more than -20 decibel differences10). 

 

Case of a random media and the stochastic hypothesis 

 

When the stochastic nature of a random media is 

considered, a mean measured Mueller matrix [M], 

(i.e., written as <M>). is built over the eigen values of 

the average coherency matrix <[T]>. Each eigen 

vector is representing one of the possible states 

associated to the normalized average Eigen values, 

associated to the probabilities pi. This is the 

probability of the system to be found in this state. The 
randomness is then characterized, with the Neumann 

entropy S, such that, 0 and one has:  

 

    (6) 
 



where the pi are given by: .  

In the Bernoulli model, the parameter , is taking an 

average value of the form: 

 

. 
 

which has to be evaluated. The interpretation of  
estimates the average scattering mechanism of the 

system and its disorder regarding the entropy S: 

Within the special case of diagonal matrices, for an 

isotropic depolarizer, the Mueller matrix is diagonal. 

The corresponding coherency <[T]> is also diagonal: 

In the [S Entropy  ] space, it will turn 

 
<T>=Diag(1, m, m, m)                 (7) 

 

with  

 

Each probability pi can be determinate and yields 10 

 

 

 

In a complementary approach11, the depolarization 

factor  

=  

 

is an equivalent expression obtained from the 

normalized eigen values  

 

. 

 

For a completely depolarizing target, then  and 

the entropy factor is unity (S=1). It is assumed that a 
target can be represented by a Mueller Jones matrix 

with the eigen values spectrum as,  

 

 
 

corresponds to an isotropic depolarizer Mueller 
Matrix: 

 
 

and the hypothesis  with  for 
i=1, 2, 3. Then two cases can be considered, isotropic  

and the anisotropic depolarization  
In the isotropic case, the S  space is transformed 
into an Entropy/depolarization [S, pD] space replacing 

the m value from S.R. Cloude11 by pD, a parameter 

which can be deduced from the depolarization 

measurements.  

One has 11 

 (13) 

 
A. Aiello and J.P. Woerdman12 predicted the universal 

behavior of these two quantities. To apply, these 

results based on the coherency matrix decomposition, 

various experimental data will be discussed now  

 

EXPERIMENTAL 

 
A first control is accomplished using some of 

the available Mueller matrix data 1, 11.  

Different surface materials, e.g., Dielectric S, 

Nylon and Dielectric C, are considered. All these 

values will be perfectly aligned on the universal 

entropy depolarization relation given by equation (13), 
as shown also in the figure 1 below.The data of B. 

Boulbry14 provided the case of polished (0.3 microns) 

aluminum (Al) sample) even in this case where a first 

filtering has to be accomplished, it yields S=0.07 and 

pD= 0.9930, (see a summary of these data in table 1).  

 
TABLE 1. Surface Analysis for samples of various 
roughness. Data extracted from the Mueller matrices 
published in the literature (see details in text). 

Samples Entropy S Depol  pD 

Dielectric C 0.9902 0.0935523 
Nylon 0.9842 0.125090 

Dielectric S 0.0381 0.990365  

polished Al   0.5941 0.658  

 
 

FIGURE1. Showing Entropy/depolarization space The 
Collected data correspond to various references 
sources1,11,13, including data from Ramsey1 for aluminum 
surfaces wth roughness ranging from 1.2 microns down to 
100nm.The Dash line is equation(13) 

In the case of anisotropic sample, the coordinate space 

[S, ] it is also shown11 that a points should be lying 
below this curve, such as equation (13) remains the 

upper limit of the couples (S, ), standing for 

isotropic depolarization. 
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Instrumental accuracy control through 

Matrix filtering 
 

Another interesting approach, consist in the intrinsic 

analysis of a spectroscopic polarimeter itself. While 

placing it in 90° (open-air or free-space measurement), 

configuration, no depolarization occurs and the 
entropy should be kept to zero and the depolarization 

index being always unity( a pure Mueller Stoke 

system). Within the spectroscopic range, this is a 

check of the polarimeter fidelity. For instance, two 

different polarimeters, identified hereafter as A and B, 

have been compared. In both case, within the first 

Cloude’s criterion, the two systems provide 

surprisingly uncorrected Mueller matrices. Filtering 

becomes mandatory, eliminating at least one negative 

eigen value attributed to noise. When calculating the 

depolarization index and entropy, in the ((S, ) 
space, all data are then lying within the range of 

((S, ) = ([0, 0.2], [0.98, 1.0]). Compared to 

instrument B, if the instrument A, gives the closest 

values to (1, 1) and should be preferred. The 

spectroscopic range behavior must be also considered: 

A control of the spectroscopic behavior of the 

depolarization parameter, as in Figure 2, has to be 

done. Here, no evidence of a distinct difference 

between the two instruments can be found. The 

instrument A gives a very sharp spectroscopic 

depolarization distribution, in the range 350 up to 950 
nm which remains sufficient (below 2 to 3.10-2 ). A 

wider spectral range could favor the choice of 

polarimeter B. 

 

 
FIGURE 2 No evidence of a clearly distinct difference  
between the two instruments can be found when 
representing spectroscopic depolarization.  

 

Thin Films surface Characterization 
 

In the field of thin films characterization of 

nanotechnologies materials, spectroscopic 

polarimetry, specifies surface properties and films 

textures In order to demonstrate the interest of this 

analysis, several nanotechnologies material were 

considered. From smooth samples like aluminum (Al), 

to low reflectivity thin films of plastic (PET), or 

Silicon Nano-Wires (SiNW) deposited on a silicon 
substrate. 

 Compared to the analytical equation (13), i) the 

aluminum film [S, pD] data remain in a very high 

reflectivity limit [S=0, pD 1]. 

With the SiNW film, ,they are considered as a 

distribution of various micro crystals components, 

(needle-like shaped micro-crystals),turning to micron-

sized light-scatterers. This structure is revealed by 

Scanning Electron Microscopy, SEM, observation shown 
in figure 3,. 

 

 
 

FIGURE3 Scanning Electron Microscopy picture taken 
of silicon nano wires (SNW)deposited films (with courtesy 
of V. Jousseaume LETI), The  [S, pD],space representation  
all along eq(13)curve (see fig.4) is a perfect method to 
measure the microcrystal size distribution density of these 

films. 
 

In the Figure 4, the [S, pD] space shows a 

spectroscopic distribution (blue dots), following 

surprisingly well, the universal character curve from 

A. Aiello and J.P.Woerdmann12. In that spectral range, 

the material optical indices remain quasi constant. 

Thus each point is related to one possible entropy of 

the system corresponding to specific diffracting 

targets. In a certain way, the number of times these 

points all along this curve appeared,  is consequently a 

method to yield the micro crystals distribution 
density.. 

Finally, iii), the plastic PET film is having to a less 

extent micro impurities. It behave similarly (red 

diamonds), but anisotropic since lying well below the 

equation (13) limit (isotropic case). 
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FIGURE4 Entropy versus depolarization pD plot for several 

nanotechnology materials: 70° incidence polarimetry 
spectroscopic measurements in the 1.5 and 3 eV range,  AlTheir 
spectroscopic distribution (filled  dots),follows well the universal 
character curve (eq. (13)) see details in text) 

 

The need for a Polarimetric Surface 

Scattering model. 
 

An alternative way to introduce surface disturbance 

due to roughness is through ,reflection symmetric, 

depolarizing rotation of the specular coherency matrix 

about an angle  in a plane perpendicular to the 

scattering plane. Surface configuration averaging over 
a unit surface slopes distribution has to be taken. S.R. 

Cloude11 proposed a slopes distribution uniform with 

half width and a probability when 

< 1, and zero otherwise. Then the <[Tij]> appears as:
  

<[T>]=  

 

Only in this case, the polarimetric coherence , is less 

than one. The  coefficient turns to be  

 
sinc(x)=sin(x)/x.  

Within this model the γ coefficient is only related to 

the surface roughness and not to the dielectric 

properties of the considered surface. It can be verified 

in some cases, e.g., in the case of a 70° incidence 

specular reflection on both sides of a Silicon wafer 

(polished side with native oxide and rough backside of 

the wafer, which is shown in Figure 5. 

 
FIGURE5 70° incidence measurements between 1.5 and 3 
eV photon energies on both sides of a silicon wafer 
(polished side with native oxide and rough backside of the 
wafer. 

 

Here, the roughness controls entirely the coherence. 
parameter. No depolarization effect can be detected 

and SE measurements would see shift in the 

.values. This  coherence factor. is a primary 
parameter to consider in a surface analysis. 

 

DISCUSSION AND CONCLUSIONS 

 
The Mueller matrices decomposition scheme provides 

interesting properties through optical entropy and 

depolarization. This technique is a good candidate to 

yield important surface parameters such as 

depolarization coherence and furthermore surface 

roughness characteristics which is very helpful for 

future nanotechnologies. Spectroscopic polarimetry 
should be addressed  in line processes controlling the 

surface properties of deposited films. Beyond the 

scope of this paper, it can be seen that visible and 

ultraviolet extended ranges of the existing 

polarimeters set-up, including imaging capability, will 

be a promising enhancement compare to the present 

bidirectional reflectance distribution function (BRDF) 

and haze ultraviolet wafer classical analysis of wafers. 
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