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In a recent study we reported on the gradient index (GRIN) lens Stokes polarimeter (GLP) [Opt. Lett. 39, 2656
(2014)]. With a simple architecture, this polarimeter can measure the state of polarization in a single shot. In this
article, we present further studies for improving the performance of the GLP. Detailed discussions are presented
on the optimization process of the GLP based on different choices of data from the CCD images. It is pointed out
that many optimization techniques, although developed for other types of Stokes polarimeters, can also be applied to the GLP because the GRIN lens can traverse all possible retardance and fast axis modulations. © 2015
Optical Society of America
OCIS codes: (120.5410) Polarimetry; (110.2760) Gradient-index lenses; (130.5440) Polarization-selective devices; (120.2130)
Ellipsometry and polarimetry.
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1. INTRODUCTION
A Stokes polarimeter is capable of discerning different states of
polarization (SOPs). Different Stokes polarimeters distinguish
themselves by different polarimetric modulation methods [1,2].
Many Stokes polarimeters are based on time sequential modulation techniques using rotating polarization elements [3],
liquid crystal retarders [4], or photoelastic modulators [5].
For dynamic samples, simultaneous polarization detection
methods have to be used since polarization components recorded at different times may lead to significant errors in the
derived SOPs [6]. Such simultaneous polarization measurements can be achieved using multiple detectors [7,8], spatial
modulation [9–12], or spectral modulation [13,14]. A simple,
compact, and low cost simultaneous polarimeter would promote the polarimetric applications, such as the ellipsometry,
the remote sensing, the biomedical diagnostics, and so forth [2].
In a previous study, we proposed a gradient index (GRIN)
lens Stokes polarimeter (GLP) which consists of only a
GRIN lens as the spatial modulator, a fixed polarizer, and a
CCD detector [15]. It takes advantage of the continuous
spatial distributions of birefringence value and fast axis
direction of a GRIN lens, and therefore can derive the SOP
of the incident beam from the characteristic features of the
CCD images. An important characteristic of the GLP is that
the GRIN lens can traverse all possible retardance and fast axis
modulations, which allows the choices of many different
measurement schemes and optimization methods for different
applications.
1559-128X/15/247424-09$15/0$15.00 © 2015 Optical Society of America

In this article, we present further studies on the GLP, starting with an introduction on the polarization property of a radial
GRIN lens in Section 2 and the principle of GLP in Section 3,
and then presenting detailed description of the optimization
process of this polarimeter in Section 4. Many optimization
methods and criteria for a GLP based on pixel selections
are provided. Such an optimization process is essential for
achieving the satisfactory accuracy and stability in the SOP
measurements.
2. POLARIZATION PROPERTY OF A RADIAL
GRIN LENS
A radial GRIN lens has a radial gradient refractive index profile
and flat surfaces instead of a fixed refractive index and curved
surfaces as in a conventional lens. There exists gradient birefringence for the GRIN lenses [16], and also for many conventional lenses [17]. For example, during the fabrication of a
radial GRIN lens rod, the ion-exchange process introduces
stresses along the radial direction and induces an intrinsic centrosymmetric birefringence. We can examine the polarization
property of a GRIN lens using its Mueller matrix and the
polarization parameters from the Lu–Chipman Mueller matrix
polar decomposition (Lu–Chipman decomposition) [18].
As shown in Fig. 1, the experimental system for examining
the polarization property of the GRIN lens takes a typical configuration for forward Mueller matrix imaging, using dual
rotating wave plates [19–21]. The polarization state generator
(PSG) consists of P1 and R1, and the polarization state analyzer
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Fig. 1. Schematic diagram of forward Mueller matrix polarimetry
and the ray tracing of the GRIN lens. L1 and L2, the lenses; F,
the bandpass filter; P1 and P2, the angle-fixed linear polarizers; R1
and R2, the rotatable wave plates. The CCD is placed at the imaging
plane (A 0 B 0 ) of the front surface of the GRIN lens (AB). In this article
the incident rays are nearly parallel.

(PSA) consists of R2 and P2. P1 and P2 are angle-fixed polarizers (Thorlabs, extinction ratio > 5000∶1). R1 and R2 are
rotatable quarter-wave plates (Thorlabs, 633 nm, retardance
accuracy: λ∕300). High-precision motorized rotation stages
(Thorlabs, PRM1Z8E) control the different rotation increments of R1 and R2, respectively. The light beam from the
LED (Cree XLamp XR-C) is collimated and passes through
a bandpass filter (CWL  632.8 nm, FWHM  3 nm) and
the PSG. The light beam is set to N N ≥ 16 sequential elliptical SOPs corresponding to N rotating angles of R1. Then the
beam passes the GRIN lens and the PSA before being detected
by a CCD (Qimaging Retiga Exi, 12-bit). For each incident
SOP, a specific analyzing SOP is detected, which produces
N raw images. For each pixel on the CCD, the nth measurement intensity is given by Eq. (1):
i n  An · M · G n 
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where G n is the Stokes vector produced by the PSG corresponding to the nth measurement, M is the Mueller matrix
of the GRIN lens, and An is the analyzer vector which equals
the first row of the Mueller matrix for the PSA corresponding to
the nth measurement. The subscript n denotes different measurements, and the subscripts k and l denote the vector elements. After flattening the Mueller matrix M into a 16 × 1
vector m00 ; m01 ; …; m33 T the overall N polarimetric measurements can be expressed as a linear equation system shown as
Eq. (2):
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where I is an N × 1 vector i 1 ; i 2 ; …; i N T , whose components
are the nth measurement intensity i n. A is an N × 16 data reduction matrix. Then M can be calculated by M  invA  I,
where invA represents the inverse of the matrix A when
N  16 or the pseudoinverse of the matrix A when
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N > 16. For a better description of the polarization properties
of the GRIN lens, we also use the parameters derived by the
Lu–Chipman decomposition, e.g., diattenuation, depolarization, phase retardance, and fast axis direction [18].
The experimental results in this article are obtained using a
long GRIN lens rod with 133 mm length, 2.5 pitch, 2.2 mm
diameter and 0.2 NA, supplied by Femto Technology Co. Ltd.,
China. The Mueller matrix images of the GRIN lens are shown
in Fig. 2, and the corresponding Lu–Chipman decomposition
images are shown in Fig. 3. We can see that the polarization
property of the GRIN lens is dominated by its linear birefringence, whereas the diattenuation and depolarization are both
negligible. Compared with our previous work [15], the linear
retardance range of this longer GRIN lens extends from
0°–160° to 0°–720°, which helps the optimization of the
GLP, as will be shown in Section 4.
The intrinsic birefringence value of a GRIN lens is usually
very small (e.g., 10−5 in this work), but the phase retardance can
become significant in either a long radial GRIN lens or many
radial GRIN relay lenses assembly with large optical path
lengths. Since the intrinsic birefringence of the GRIN lenses
can cause optical polarization aberration [17] and change
the SOP of the incident light [22], it is usually minimized during the manufacturing process. In the GLP, however, we take
advantage of the unique birefringence distribution features of
GRIN lenses for both radial modulation in retardance and azimuthal modulation in fast axis direction to achieve accurate
Stokes vector measurements.
3. PRINCIPLE OF GRIN LENS STOKES
POLARIMETER
The schematic diagram of the GLP is shown in Fig. 4(a). The
incident SOP is modulated by the GRIN lens, then passes
the fixed polarizer before being detected by the CCD.
Experimental results show that different incident SOPs are
encoded into different patterns of the CCD images, and the
patterns will gradually disappear as the degrees of polarization
(DOPs) of the incident beams decrease. A pattern corresponding to horizontal linear polarized incident light is shown in
Fig. 4(b).
In the GLP, the GRIN lens and the polarizer constitute a
PSA, and each pixel on the CCD corresponds to the analysis of
a specific SOP. For an incident SOP, N different analyzing
SOPs are detected, totally producing N intensity data. The
N different pixels recorded at the same time correspond to
N different measurements in time sequential Stokes polarimeters. The intensity of the nth pixel is given by Eq. (3):
i n  An · S 

3
X

ank sk ;

n  1; 2; 3; …; N ;

(3)

k0

where An is the analyzer vector, which equals the first row of the
Mueller matrix for the PSA corresponding to the nth pixel, and
S  s0 ; s1 ; s 2 ; s3 T is the Stokes vector to be measured. The
subscript n denotes different measurements, and the subscript
k denotes the vector elements. The overall polarimetric measurements of N pixels can be expressed as a linear equation
system shown as Eq. (4):
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Fig. 2. Mueller matrix images of the GRIN lens. All the elements are shown without being normalized to m00 . The values of the elements m01 ,
m02 , m03 , m10 , m20 , and m30 are close to 0, which is consistent with the Mueller matrix of a wave plate.
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where I is an N × 1 vector i 1 ; i 2 ; …; i N T whose components
are the nth intensity i n, A is an N × 4 data reduction matrix
named the instrument matrix of the polarimeter. If the
instrument matrix A is premeasured, S can be calculated by
S  invA  I , where invA represents the inverse of the

Fig. 3. Lu–Chipman decomposition images of the GRIN lens:
(a) the diattenuation, (b) the depolarization, (c) the phase retardance,
and (d) the fast axis direction. Corner data are nonphysical and
removed.

Fig. 4. (a) The schematic diagram of the GLP with ray tracing. L,
the imaging lens; P, the angle-fixed linear polarizer. The CCD is placed
at the imaging plane (A 0 B 0 ) of the front surface of the GRIN lens (AB).
In this article the incident rays are nearly parallel. (b) A simplified
model of (a), where the GRIN lens can be regarded as a circular vortex
wave plate.
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matrix A when N  4 or the pseudoinverse of the matrix A
when N > 4.
To help understand how the GLP works, a simplified model
can be adopted—the GRIN lens in Fig. 4(a) can be regarded as
a circular vortex wave plate which consists of many different
tiny wave plates of different retardances and fast axis directions
as shown in Fig. 4(b). When a paraxial beam of homogeneous
SOP is incident, it can be regarded as N identical subbeams
passing through N different tiny wave plates and being recorded by N pixels on the CCD. Due to the centrosymmetric
distribution of the birefringence, there are totally N ∕2 different
wave plates corresponding to N ∕2 different polarization modulations. N ∕2 can easily reach to well over ten thousand
for commercially available CCDs. The abundance of pixels
or measurements helps to reduce effects due to the photon shot
noise and the incidental false data at some pixels. The
large number of pixels also provides enough data to perform
polarimeter optimization, which will be discussed in the
Section 4.
4. OPTIMIZATION METHODS AND
EXPERIMENTAL RESULTS
The Stokes vector S in Eq. (4) is calculated from the intensity
vector I and the instrument matrix A. For GLP, the intensity
vector I can be read from the CCD, and the instrument matrix
A needs to be premeasured. From Eqs. (3) and (4), we can see
that each row of A is the first row of the Mueller matrix for the
PSA corresponding to each of the N different pixels. It means
that we can measure the Mueller matrices and extract their first
rows to establish the instrument matrix A. Then the question
is: there are many pixels available on the CCD images, which
and how many of them shall we choose to build I and A? In
order to answer this, we will examine the error sources of a
Stokes polarimeter and then find out the optimal condition
to make the Stokes vector measurement errors less sensitive
to these error sources.
In real measurement conditions, there are noises in the
detected intensity vector I. The intensity noise vector can
be expressed as δI . Furthermore, there is an error matrix δA
for the predetermined instrument matrix A. Then we can recast
Eq. (4) as Eq. (5):
I  δI  A  δA · S  δS;

(5)

where δS is a vector that gives the measurement error of S.
Then S  δS can be calculated by S  δS  invA  δA
I  δI. In order to reduce δS, both δI and δA should be
minimized. δI can be minimized by using higher quality detectors, averaging operations, and better shielding against stray
lights. For time sequential modulation polarimeters, δA can be
minimized by improving the precision of the motorized rotating polarizers or wave plates, liquid crystal variable retarders,
and photoelastic modulator. For GLP, the N measurements
are taken statically and simultaneously, hence the matrix A
is stable and δA can be minimized. Then we can adopt a
useful criterion named the condition number (CN) of a matrix
[23–25], which has been widely used to estimate whether the
instrument matrix A is “good” or not in both Stokes and
Mueller polarimeters. The 2-norm CN of a matrix is the ratio
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of the largest singular value of the matrix to the smallest [25].
To determine whether some pixel regions are better than the
others, we use the CN of the instrument matrix A as the
criterion. A pixel region is well conditioned if the CN of its
corresponding A is small.
As shown in Figs. 3(c) and 3(d), along a radial axis, a GRIN
lens is similar to a variable retarder whose fast axis direction
stays fixed but the retardance value varies continuously.
Along the azimuth, a GRIN lens is similar to a rotating wave
plate whose retardance stays fixed but the fast axis direction
rotates over a full circle. Such characteristic modulation of a
GRIN lens provides many possibilities to find out the wellconditioned instrument matrix. Existing knowledge and techniques for achieving better measurement accuracy and stability
in spatial or temporal modulation polarimetry can be adopted
in GRIN lens polarimetry. For example, as shown in Fig. 5, we
can select only four pixels of the same retardance but different
fast axis directions, which is equivalent to the four minimum
measurements in a rotating wave plate system. The minimum
CN of A is equal to 31∕2 when the retardance is fixed to 132°
and the fast axes are set to 15.12°, 51.69°, 128.31°, and
164.88°, respectively [26]. There can be several 132° retardance
circles, as shown in Fig. 5 by dashed circles in different colors.
We test the performance of the GLP with different known
SOPs generated by the PSG, as shown in Fig. 6. The performance of the GLP using four pixels (yellow dots in Fig. 5) is
shown in Figs. 7(a1)–7(f1), corresponding to six groups of SOP
measurements. The Stokes parameters s1 , s 2 , and s 3 normalized

Fig. 5. The fast axis profile of the GRIN lens. Dashed circles with
different colors correspond to several 132° retardance circular regions.
For each circle, there are four points with the fast axes 15.12°, 51.69°,
128.31°, and 164.88°, respectively. The diameter of the image is
320 pixels.

Fig. 6. Schematic diagram of the PSG configuration. L, the collimated lens; F, the bandpass filter; P, the rotatable linear polarizer; R,
the rotatable quarter wave plate.
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Fig. 7. Stokes parameters and DOP measurement results of the GLP using the four pixels method [(a1)–(f1)], the four local regions method
[(a2)–(f2)], and the 132° retardance circle method [(a3)–(f3)]. s1 , s 2 , and s3 are normalized by s0. The six rows correspond to six groups of different
SOP measurements. Row 1 is the measurement of the unpolarized LED in 180 s. Rows 2–6 are measurements of the full polarized SOPs generated
by the PSG as shown in Fig. 6. The light intensity patterns on the CCD for (b1)–(b3) (Visualization 1), (c1)–(c3) (Visualization 2), (d1)–(d3)
(Visualization 3), (e1)–(e3) (Visualization 4), and (f1)–(f3) (Visualization 5) are provided in the Supplementary Materials.
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by s0, and the DOPs are shown. We first test the SOPs
generated by the collimated LED source, as shown in
Figs. 7(a1)–7(a3). 180 different measurements are taken in
about 180 s to demonstrate the polarization properties of
the LED and its temporal stability. Then we test five groups
of SOPs generated by the PSG shown in Fig. 6. For the second
to fifth rows of Fig. 7 the angle of the polarizer in the PSG is set
to 0°, 45°, 90°, and 135°, respectively, and the quarter-wave
plate rotates from 0° to 180° in 180 equal steps. For the
sixth row of Fig. 7 both the axis of the polarizer and the fast
axis of the wave plate rotate from 0° to 180° in 180 equal steps
simultaneously.
Figures 7(a1)–7(f1) show that we can measure SOPs using
only four pixels of the same retardance in the CCD image.
However, due to the measurement intensity noises, δI in
Eq. (5), the measured Stokes parameters and DOP using only
four pixels are not very stable. We can choose four local regions
around the selected pixels to improve the quality of the measurements. The performance of GLP using such four local regions each containing 100 pixels is shown in Figs. 7(a2)–7(f2).
Compared with the four pixels method, the four regions
method clearly results in much better measurements.
In fact, the CN for the four pixels method is even slightly
closer to the optimal value 31∕2 than that of the four regions
method. The improved measurement accuracy for the four regions method comes from the redundant pixel number for the
measurements. For this reason, the equally weighted variance
(EWV) of the instrument matrix is also used as a criterion to
assess the noise immunity of the polarimeter [3]:
EWVA  TrinvAT · invA:

(6)
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In Eq. (6), invA represents the inverse of the matrix A
when the pixel number N  4 or the pseudoinverse of the matrix A when N > 4. The superscript T represents the matrix
transpose, and Tr means the matrix trace. As the number of
pixels increases, the EWV of A approaches to 0, which indicates
a better noise immunity. In this study, the EWV is about 10
when only four pixels are used, but reaches to 0.1 when 100
pixels are used. To optimize the GLP, both the CN and EWV
of A are considered.
More than four pixels can also be adopted, for example, six,
eight [26], and even more pixels with equal retardance and different fast axis angles. As the number of pixels increases further,
they will eventually fill in all the pixels in the full circle of a fixed
retardance value. If we select 1000 pixels near a 132° retardance
circle (the yellow dashed circle in Fig. 5), the EWV can reach to
about 0.01. The performance of the GLP using pixels on a full
circle is shown in Figs. 7(a3)–7(f3). The measurement stability
of the full circle method is better than that of the four regions
method.
We still need to determine whether the 132° retardance
circle is the best choice for the measurements of SOPs. To
quantitatively assess the measurement accuracy, we calculate
the angular accuracy, which is defined as the intersection angle
between the measured and calculated Stokes vectors on the
Poincare sphere, and the DOP accuracy, which is defined as
the absolute value of the DOP difference between the measured
and calculated Stokes vectors. All the measured experimental
results in Figs. 7(a3)–7(f3) are used for calculation. The
CNs of the instrument matrices and the angular accuracy values
as functions of the GRIN lens radius are shown in Fig. 8. The
EWVs of the instrument matrices and the DOP accuracy values

Fig. 8. CNs of the instrument matrices and the angular accuracy values as functions of the GRIN lens radius. The CNs are represented by the
blue solid line, the mean values of the angular accuracy values are represented by the red dashed line, and all of the angular accuracy values are
scattered inside the reddish region.
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Fig. 9. EWVs of the instrument matrices and the DOP accuracy values as functions of the GRIN lens radius. The EWVs are represented by the
blue solid line, the mean values of the DOP accuracy values are represented by the red dashed line, and all of the DOP accuracy values are scattered
inside the reddish region.

as functions of the GRIN lens radius are shown in Fig. 9. Each
circle includes 1000 pixels distributed as uniformly as possible
on the circle of the same retardance. In Figs. 8 and 9, the CNs
and EWVs are represented by the blue solid lines, the mean
values of the angular and DOP accuracy values are represented
by the red dashed lines, and all of the angular and DOP accuracy values are scattered inside the reddish regions. The retardance, which is not linear to the radius of the GRIN lens, is
shown underneath for convenience to compare with the CN
and the EWV. We can see that the angular accuracy distribution and DoP accuracy distribution follow the trend of the CN
and the EWV. For example, in the low CN regions, the value
and the variance of the angular accuracies are much smaller
than those in the higher CN regions.
Figures 8 and 9 show that apart from the 132° circles,
many other choices of retardance circles also lead to wellconditioned instrument matrix and satisfactory accuracy except
for those near the peaks of the CN around 0° (360°) and 180°
retardance. Thus, although CN and EWV are very useful
criteria for the optimization, it may not be necessary to
pursue their minimum for improving the accuracy of the
measurements.
In addition, it should be noted that the GLP is able to provide the Stokes vector straightforward without using Eqs. (3)
and (4). The definition of the Stokes vector is
3
2 3 2
I 0°  I 90°
s0
6 s 1 7 6 I 0° − I 90° 7
7 6
7
(7)
S6
4 s 2 5  4 I 45° − I 135° 5;
s3
IR − IL

where I 0° , I 45° , I 90° , and I 135° are the intensities for four different linear SOP analyzers, and I R and I L are the intensities for
the right- and left-handed circular SOP analyzers. Equation (7)
can be written as Eq. (8):
2

1 1 0
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1 −1 0
S  A0 · I  6
40 0 1
0 0 0

0
0
−1
0

0
0
0
1

3
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6 I 90° 7
0
7
6
7
I 45° 7
0 7 6
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·
7
0 5 6
6 I 135° 7
4
IR 5
−1
IL
3

2

(8)

where A 0 is the calculation matrix, and I is the 6 × 1 intensity
vector corresponding to six pixels on the CCD.
In Fig. 10, the four pixels for I 0°, I 45° , I 90° , and I 135° are
shown with yellow dots distributed on the 180° retardance
circle, and the two pixels for I R and I L are shown with purple
dots on the 90° retardance circle (there are also more 90° and
180° retardance circles outside similar to Fig. 5). Because the
use of the definition of the Stokes vector, all the singular values
of the matrix A 0 are equal to 21∕2 and the CN of matrix A 0 is
exactly equal to 1, which is the minimum CN value for any
matrices. However, the definition in Eq. (7) needs six specific
and rigorous SOP analyzers, and the pixel number is limited to
six. Similar to the four pixels method, experimental results
show that the measurement accuracy of the six pixels method
is also not very stable. We see again that although the CN is a
very useful criterion for optimization, it should be regarded as a
secondary consideration when it is already close to the optimal
value. In order to improve the accuracy further, other factors
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oscillations on the CCD exposure intensities, and the degree
of the linear polarization is about 1%.
A GRIN lens has advantages in terms of size, weight, and
flexibility. Miniature endoscopes often take these advantages
[22,29,30]. The GLP might find possible applications, such
as the biomedical diagnosis.
6. CONCLUSION

Fig. 10. Fast axis profile of the GRIN lens. The four pixels for I 0°,
I 45° , I 90° , and I 135° are shown with yellow dots distributed on the 180°
retardance circle, and the two pixels for I R and I L are shown with
purple dots on the 90° retardance circle. The diameter of the image
is 320 pixels.

such as the pixel numbers and the signal-to-noise ratio of the
CCD are more important.
5. DISCUSSION
The unique polarization property of a GRIN lens, i.e., the radial variation of the retardance and the azimuth variation of the
fast axis direction, provides us with all the possible polarization
modulations. By a proper selection of the pixel data from the
CCD images, one can always mimic the polarization modulation corresponding to a specific polarimeter and determine the
well-conditioned instrument matrix. The GLP may be used as a
good platform to examine in detail and compare different
existing optimization techniques for different types of polarimeters. It can also be used as a versatile PSG. The combination of
an angle fixed polarizer and a fixed GRIN lens can generate
simultaneously all the possible SOPs on the surface of the
Poincare sphere. As shown in Fig. 4(b), the GRIN lens might
find its application as a special vortex wave plate [27].
The retardance and the fast axis direction profiles in
Figs. 3(c) and 3(d) need more discussion. In the 0° to 180°
retardance region, the fast axis directions follow the azimuth
direction; however, in the 180° to 360° retardance region,
the fast axis directions follow the radial direction. Intuitively,
we expect that the intrinsic stress and the fast axis direction
should stay in the same direction in different radial positions.
This abrupt 90° shift of the fast axis orientation results from the
phase wrapping [28]. Because the Stokes parameters s0 , s 1 , s2 ,
and s 3 are invariant under a rotation of 180°, when using the
Stokes–Mueller formula and the Lu–Chipman decomposition,
the obtainable phase retardance range is limited to [0°, 180°].
In the present work, the distinction between the measured and
the true retardance does not make any difference in the final
results. However, when measuring the Mueller matrix of a
sample and calculating its retardance and fast axis direction, this
phenomenon may need to be considered.
It also should be noted that, as shown in Figs. 7(a1)–7(a3),
we can see that the LED source is not totally unpolarized. To
verify this measurement result, we rotate a polarizer between
the LED and the CCD and find there are slightly sinusoidal

In this article, we present detailed studies on the GLP. We start
from the polarization property of a radial GRIN lens and the
principle of GLP. Then we present more detailed discussions
on the optimization process of the GLP based on different
choices of data from the CCD images. Such an optimization
process is essential for achieving the satisfactory accuracy and
stability in the SOP measurements. Many optimization techniques already developed for other types of Stokes polarimeters
can also be applied to GLP because the GRIN lens can traverse
all the possible retardance and fast axis modulations. In order to
improve the measurement accuracy of the GLP, criteria such as
CN and EWV can be used in the optimization processes.
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(NSFC) (11174178, 11374179, 61205199).
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